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Abstract 

^D i We investigate the thermodynamics of rotating Lovelock-Lifshitz black branes. We calculate the 

Q^' conserved and thermodynamic quantities of the solutions and obtain a relation between energy, 

C^ ■ entropy and angular momentum densities with temperature and angular velocity. We also obtain 

^vq . a Smarr-type formula for the energy density as a function of entropy and angular momentum 
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densities, and we show that the thermodynamic quantities calculated in this paper satisfy the 
first law of thermodynamics. Finally, we investigate the stability of black brane solutions in both 
canonical and grand-canonical ensemble. We find that the solutions are thermally stable for z < 
n — 1, while they can be unstable for z > n — 1. 
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I. INTRODUCTION 

Holography presents a general tool for studying many kinds of physical systems. It is 
known that finite temperature in the field theory often corresponds to the presence of a 
horizon in its gravitational dual. Although the idea of holography has been first used in the 
AdS/CFT correspondence, recently these techniques have been brought to bear on other 
types of systems [l|. Most notably, the holographic techniques are also useful to study 
condensed matter systems at strong coupling '2i|. Indeed, the Lifshitz black holes have been 
found to emerge as gravity duals of some condensed matter systems with anisotropic scaling 
symmetry, 

t -)■ X^t, X -)■ Ax, 

where z is the dynamical exponent. 

From a holographic point of view, this suggests the following asymptotic form for the 
spacetime metric 

ds' = -""-de + '-dr^ + T^d^^ + T^Y. ^^^ (1) 

1=1 

which is known as Lifshitz spacetime and obeys the scale invariance 

t -)■ yt, r -)■ A^V, X -)■ Ax. 

The metric ([1]) is the well-known AdS metric for z = 1. This spacetime possesses a timelike 
Killing vector, but is not a space of constant curvature. In order to have solutions with 
Lifshitz asymptotic, one may use an action involving a 2-form and a 3-form field with a 
Chern-Simons coupling or a massive vector field |3| . Asymptotic Lifshitz solutions has been 
investigated by many authors. Only a few exact solutions have been found, and most of the 
solutions have been obtained numerically j^. 

Because of the fact that corrections from higher powers of the curvature must be consid- 
ered on the gravity side of the correspondence in order to investigate CFTs with different 
values of their central charges, the holography of gravity theories including higher powers of 
the curvature have attracted increased attention p, |6| . Asymptotic Lifshitz solutions in the 
vacuum of higher-derivative gravity have been investigated and it is shown that the higher- 
curvature terms with suitable coupling constant may play the role of the desired matter 
[TJ. Recently, one of us introduced some exact^and numerical Lifshitz solutions in higher- 



curvature gravity with cubic-curvature terms 



m 



9[ . From the point of view of holography, 



thermodynamics of Lifshitz black holes has been investigated by many authors in different 



theories of gravity 10 1. 



In this paper, we would like to investigate the thermodynamics of rotating Lifshitz black 



branes in third-order Lovelock gravity. We use the counterterm method introduced in 11 1 
in order to compute the conserved quantities of the spacetime. The motivation for consid- 
ering rotating Lifshitz black branes is to investigate the effect of rotation parameter on the 
properties of black branes. Specially, we would like to find the effect of rotation parameter 

"shitz black branes. Although asymptotically AdS black branes 
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we find that asymptotic Lifshitz black branes with a 



on the stability of rotating Lif 
with flat horizon are stable 
fiat horizon can be unstable. 

The outline of our paper is as follows. In Sec. HIl we give a brief review of general 
formalism of calculating the conserved quantities of Lifshitz black branes. In Sec. Illlt we 
introduce rotating Lifshitz black branes. Section IIVI is devoted to the investigation of the 
thermodynamics of rotating Lifshitz black branes. We also perform a local stability analysis 
of the black branes in the canonical and grand- canonical ensembles. We finish our paper 
with some concluding remarks. 

II. GENERAL FORMALISM 

Here, we give a brief review of the general formalism of calculating the conserved quan- 
tities of asymptotically Lifshitz black branes in third-order Lovelock gravity. The action of 
third-order Lovelock gravity may be written as 

where \x\ is the integer part of x, A is the cosmological constant, and ttj's are Lovelock 
coefficients with a\ = \. In the above action, F^y = d[^Ayj where A^ representing a massive 
gauge field with mass m, and £j is the ith order Lovelock Lagrangian given as 

In Lovelock gravity only terms with order less than or equal [n/2] contribute to the field 
equations, the rest being total derivatives in the action. Here, we consider Lovelock gravity 
up to a third-order term and therefore we consider [n + l)-dimensional spacetimes with 



n > 6 (though in situations where we set ^2 = «3 = our solutions will be valid for n > 2). 
The explicit form of ith order Lovelock Lagrangian up to the third-order are £i = R, 
^2 = Rt.u-^isR^"^^ - 4:Rf,^R^'' + i?2 and 

r d3 I r)T3^lVaKT3 TDpT i Q TD/IU D""'^ DpT I O A T^t^'^'^'^ T^ DP 

L,3 — n + in n„npT-ri ^^^ + o/i ^pK ^^n ^^ + i^n UaKup-ti ^ 

+mR^'"'''R^^^, + 2AR^''^^R^^R^, + IQR^^'R.^R^ - URR^'R^,. (4) 

The action ([2]) does not have a well-defined variational principle, when the spacetime has a 
boundary. In order to have a well-defined variational principle, one should add the following 
boundary term to the above action 

4 = — / d^x^^i^K + 2a2J + SagP), (5) 

where the boundary dM. is the hypersurface at some constant r, hmn is the induced metric, 
K is the trace of the extrinsic curvature, Kpq = V (pUq) of the boundary (where the unit 
vector n^ is orthogonal to the boundary and outward-directed) and J and P are [iJ, [l5| 

J = ^ (3iri? - QKRmnR"''' + SKKmnK"'"' ' 2K^nK'''K';; -K^), (6) 

P = KR^- ARR'^'^R^n + KR'^^^mmnp, - AK'^'^RR^n + 12ir™"i?^i?„p 

-4K"^'^i?r^np,r - \rK^ + 4K™"i?„„ + 2KK^^K^nR - UKK^'^K^Rnp 
-AKK'^^KPmmpn, + l2K"'^KlK'iRpq + 12K'""ir^i^'"-/?„,p, - 2K"'^K^nK^ 



24 1 

-AK"^-K^^KP^K;Kqr + 12K"^'-R^m^^„ + -K^^Kl,KlK;Kqr + -i^^ (7) 

In general, the total action Jg + Jb is not finite when evaluated on the solution, as is 
the Hamiltonian and other associated thermodjTiamic quantities. In order to have a finite 
action, we must add some counterterms to the action ([2]). Here, we restrict ourselves to the 
case of rotating Lifshitz black branes with a flat horizon. For this case, as in the case of 
static solutions of Lovelock gravity [ll| , the following counterterms make the action finite: 



'ct 



hU'^^'^^^'Ti^^^)- («' 



This is due to the fact that on the boundary A^A"^ = —q^ is constant for rotating Lifshitz 
solutions. The variation of total action / = Jg + 4 + I^ about a solution of the equation of 



motion is 



where 



SI = / d"x(5^„5/i"^" + SmSA' 



lOTT 



J-imn + ITrl^^p^ ) y^mAn ~~ ^p^ "-n 



^m — "77 P Iiim + 'T^yApA j ^r. 



with 



In Eq. ([H]) Jmn and Pm„ are 

7 = -(2KK K^ -\- K K^''K —2K K^'^K —K'^K 1 dn"! 

-{4K' - 12KKrgK'^ + 8K,rK:K''^)KrnpK ' 2AKK^pKP'^KgrK 

+ {12K^ - 12KrsK'')KmpKP'^Kgn + 2AKmpK^m,rK'''Kr,s]. (11) 

The dual field theory is nonrelativistic for asymptotically Lifshitz spacetimes, and there- 
fore it will not have a covariant relativistic stress tensor. However, one can define a stress 
tensor complex, consisting of the energy density £, energy fiux £i, momentum density Vi, 
and spatial stress tensor Vij as |16.] 

8 = 2S\ - S'Au £' = 2S\ - S'At, (12) 

Vi = -2S\ + S'A, Vi = -2S'^ + S^Ai, (13) 

which satisfy the conservation equations 

dtS + d,£' = 0, dtV, + diV] = 0. (14) 

III. ROTATING LIFSHITZ BLACK BRANES WITH ONE ROTATION PARAM- 
ETER 

First, we introduce rotating Lifshitz spacetime in third-order Lovelock gravity. The Lif- 



shitz metric with one rotation parameter in {n + 1) dimensions may be written as 

ds^ = --—{Edt - adi^f + —dr^ + -rr{adt - El^dipf + r'^ydxi^, (15) 



I2zy ^^ ' ^2 14 

i=l 



where a is the rotation parameter and 

P' 



E^ = 1 + 



The metric ( !T5|l is a generahzation of the asymptotically rotating AdS metric introduced in 



n\ . Although the metric ([T]) may be transformed to the rotating Lifshitz metric flTSl) by 



the transformation 

a 

1 



t !-)■ ^t — a(p, if ^-)■ ^(f — —t, (16) 



the metric (IT5l) generates a new spacetime if ip is periodically identified. Indeed, the periodic 
nature of ip allows the metrics ([1]) and (IT5|) to be locally mapped into each other but not 



globally, and so they are distinct [18|. We will see that the rotating solution is not stable 
for a large rotation parameter, and therefore the properties of the metrics ([1]) and f lTSj) are 
not the same. 

Using the ansatz 

A = q'j^ (Edt - adif) , (17) 

for the gauge field and defining 0.2 = {n — 2){n — 8)0:2 and ds = (n — 2)... (n — 5)03 for 
convenience, it is straightforward to show that the action ([2j) supports the Lifshitz metric 
flTSj) provided 



m 



2 {n-l)z 



q' 



2(z-l)L^ 

zP 

^ [{z - 1)2 + n{z - 2) + n']L^ + n(n - 1)(«2/' - 203) ,, ^, 

A ^e ' (18) 

where we define 

L'^ = l^- 2fa2 + 3d3. (19) 

for simplicity and we use this definition throughout the paper. 

Second, we consider the black brane solution, which asymptotes to the metric ( 1T5ll . The 
metric of such a solution may be written as 

2z 72 2 n— 2 

ds"^ = -^—f{r){Edt - adipf + ^-r^dr^ + ^{adt - Efdip)^ + r^Yl ^^^ ^^'^^ 



Using the ansatz 



A = q—h{r) [Edt — adip] 



for the gauge field, the action ([2]) reduces to 



n — 1 



167r 



„z-l 



d^xdr 



7 



A 



nin — 1 



^jZiy^n i 



[{zh + rh'fg + mH^h^]\. 



,2 I <^2 2 0^3 3 

-^ -9 + j^g - —9 



P 



/4 



2(n-l)/^ » 'r Pl) 

Functionally varying (^T^ with respect to /(r), g{r), and /i(r) yields upon simplification 



'1 „2 



da [(n + 6z- 6)/ + 3r/'] (7^ + da/" [(n + 4z - 4)/ + 2rf'] g 
-l'[{n + 2z-2)f + rf']g--^f = -'^ 



l{n-l) 



[{zh + rh'^g-mH^h^] 



Af 



"2 2 "33 



2(n-l)/ 



[(^/i + r/i')'^ + m¥/i2] , 



2r2 



2r^/i" - r [(/n/)' - (/n^)')] (r/i' + zh) + 2{z + n)rh' + 2{n - 1)2/1 = 2m^/ 



/i 



(22) 



The numerical solutions of the above field equations (l22ll are the same as those given in |8|. 
This is due to the fact that the rotating metric (120|) and static metric (2 = 1) are locally 
the same and therefore the metric functions are the same in both cases. 



IV. THERMODYNAMICS OF ROTATING LIFSHITZ BLACK BRANES 



Now, we investigate the thermodynamics of rotating black branes. The temperature of 
the event horizon is given by 



r = ^(-iv.«.V« 



b/-a 



1/2 



r=ro 



where ^ is the Killing vector 

i = dt + nd^ 

and fl is the angular velocity of the Killing horizon given as 



n 



9up_ 



r=ro 






(23) 



(24) 



(25) 



Using Eq. fl25]) and the expansion of the metric functions given in the appendix (see Eq. 
(14T1)). the temperature can be obtained as 



z+l 



r=T-fc=(/V 



r=ro 






(26) 



The form of the near-horizon expansion given in the appendix suggests that /i and gi are 

T = ^-0, (27) 



proportional to Tq ^, and therefore 



where 77 is a proportionahty constant. 

The entropy can be calculated through the use of [l9| 

I P r 

S = -"^kai / (f'-^x^/gCi-i, 
j=i -^ 

where the integration is done on the (n — l)-diniensional spacelike hypersurface of the Killing 

horizon with induced metric cjab (whose determinant is g), and Ci is the ith order Lovelock 

Lagrangian of gab- Since we are dealing with flat horizon, £1 = £2 = and therefore the 

entropy density is 

S = \Err'. (28) 

The conserved quantity along the radial coordinate r, which relates to the coefficients of 



the expansion of the metric function at the horizon {r = tq) and at infinity is 11| 



A A Yl-i-Z — 1 £ 

Co = {(1 - 2^g + 3^g')[rf' + 2{z - 1)/] - q\zh + rh')h}"-j^^{p'/'. (29) 

Using the expansion of metric functions at the horizon given in the appendix and Eqs. 
(12611281) . the constant Cq (l29l) at r = tq can be written as 



Co = ''\^' = IQ^TS = vr^+^-\ (30) 

On the other side, by use of the large r expansions given in the appendix for the metric 
functions, we obtain 

Co = rCu (31) 

where 

2{z -l){z + n- l)mz -n + 1)/^ + 2(n - 2)^2/' - Hn + z - 3)as} 



for Lovelock gravity and 






in the case of Einstein gravity with z = n — 1. 



Using Eqs. (fT2|) and ( !T3|) . one can compute the energy and angular momentum densities 
of the black brane for z ^ n — 1 as 

_ ^n + z-l)E'-z _ (n + z-l)E'-z , 

^- 167r(^ + n-l) ^^^" 167r(^ + n-l) "^'^^ ' ^'^^> 



J = eV^^^FC, = EVE?^vr^+^-\ (35) 

iOTT iovr 



where F is given in Eq. (1321) . The above expressions are valid for the case of z = n — 1 
provided F reads from Eq. ( l33l) . One may note that Eq. ( 134|) reduces to that given in 



ll| for the case of the static Lifshitz solution (S = 1), and the angular momentum density 
vanishes as expected. 

Now, using Eqs. (130|). (|3TD. (IM]) and (|35|). we find 

T) — 1 

£ = TS + nj. (36) 

n-l+z ^ ^ 

Again for 2 = 1, Eq. fl36|l reduces to that of static case since both Q and J vanish. Also, it 

is worth noting that Eq. (136!) reduces to 

11 — 1 

£ = TS + nj. (37) 

n 



for asymptotic AdS black branes [12(]. Recently, it has been shown that the Komar-conserved 
quantity corresponding to the null Killing vector is also proportional to the Hawking tem- 
perature [20]. 



Dividing Eq. flM|) by Eq. (^^ gives us a Smarr-type formula as 

[z + n — 1)/^V'=' — 1 
where E depends on S and J through the following equation 



4S\ 



(n+2-l)/(n-l) 



IQttJ -r]l(^^\ SVH2 -1 = 0. 



One may then regard the parameters S and J as a complete set of extensive parameters for 
the energy density £{S, J) and define the intensive parameters conjugate to S and J. These 
quantities are the temperature and the angular velocity 

It is a matter of straightforward calculation to show that the intensive quantities calculated 
by Eq. fl38|) coincide with Eqs. f l25|) and fl27|) found in Sec. |IVl Thus, the thermodynamic 
quantities calculated in this paper satisfy the first law of thermodynamics 

dS = TdS + VLdJ. 
9 



V. STABILITY OF ROTATING LIFSHITZ BLACK BRANES 

Now, we investigate the stability of rotating Lifshitz black branes. The stability of a 
thermodynamic system with respect to the small variations of the thermodynamic coordi- 
nates can be carried out by finding the determinant of the Hessian matrix of the energy 
with respect to its extensive parameters Xj, Hxx — [d'^S/dXidXj]. In our case the energy 
density is a function of the entropy and angular momenta densities. The number of ther- 
modynamic variables depends on the ensemble which is used. In the canonical ensemble, 
the angular momenta is a fixed parameter, and therefore the positivity of heat capacity, 
Cj = T{dT/dS)j, is sufficient to assure the local stability. This quantity can be calculated 
as 

^ {n + 2z-l){E^-l) + z'E?' 
Since the denominator is positive, the heat capacity is positive provided 

{n- z- l)'E? + 2 > 0. (39) 

In the grand-canonical ensemble, the determinant of the Hessian matrix of the energy with 
respect to S and J can be obtained as 

|tt£ I ^ ! 

I s,j\ zn^s^[{n-z-l)'E? + zy 
which shows that the Lifshitz black branes are stable provided the condition (139!) holds. 

Thus, the condition of stability of Lifshitz black branes is the same in both canonical 
and grand-canonical ensembles. One may note that the stability analysis is also the same in 
Einstein and Lovelock gravity for Lifshitz black branes with a flat boundary. For z < n — 1, 
the condition ( l39l) is satisfied and therefore Lifshitz black branes are stable. But, they can 
be unstable for z > n — 1 provided the rotation parameter a satisfies 

VI. CONCLUSIONS 

In this paper, we investigated the thermodynamics of rotating Lifshitz black branes in 
Lovelock gravity. We obtained the conserved quantities of the solutions through the use 
of counterterm method introduced in pjj]. We showed that the energy density £, entropy 

10 



density 5", temperature T, angular velocity Q and angular momentum density J are related 
by Eq. fl36l) . This relation is the generalization of Eq. fl37|) for asjTiiptotic AdS black 
branes. Also, one may note that the relation (1361) reduces to the relation between the energy 
density S, entropy density 5*, and temperature T for static Lifshitz solutions. We also obtain 
a Smarr-type formula for the energy density £{S, J) as a function of extensive quantities 
S and J. We showed that the thermodynamic quantities calculated in this paper satisfy 
the first law of thermodynamics. Finally, we investigated the stability of the black brane 
solutions in both canonical and grand-canonical ensemble. We found that the solutions are 
thermally stable for the solutions with z < n — 1, while they can be unstable for z > n — 1 
provided the rotation parameter satisfies Eq. fHU]) . It is worth noting that, for z > 2{n — 1), 
the rotation parameter can be less than /. 

One may generalize rotating Lifshitz black brane solutions with one rotating parameter 
to the case of rotating solutions with more rotation parameters. The rotation group in n + 1 
dimensions is SO{n) and therefore the number of independent rotation parameters is [n/2], 
where [x\ is the integer part of x. Equation (l36l) for Lifshitz black branes with k < [n/2] 
rotation parameters generalizes to 

n — I + z ^-^ 

where fij and Jj's are the ith component of angular velocity and angular momentum, respec- 
tively. Also, one may generalize the above equation to the case of charged rotating Lifshitz 
black branes in the presence of Maxwell field. 

VII. APPENDIX 

In this appendix, we consider the near-horizon and large-r behavior of rotating Lifshitz 
solutions. Since we consider nonextreme black brane solutions, the functions /(r) and gir^ 
go to zero linearly, that is 

/(r) = /i(r - ro) + ^(r - r^f + jj,{r - r^f + ^(r - r^f + ... 
g{r) = gi{r - tq) + fi'2(r - tq)^ + gsir - rof + gi{r - tqY + ... 
h{r) = fl'\h^{r - ro) + h^ir - r^f + h^{r - r^f + h^{r - r^f + ..}, (41) 



11 



where /j's, gi^s and /i^'s are constants which can be obtained through the use of field equations 

HI- 

In order to have the appropriate asymptotic behavior for the metric functions, one may 
use the straightforward perturbation theory: 



/(r) = l + ewf{r), 
g{r) = l + ewg{r), 
h{r) = 1 + ewh{r), 



where e is an infinitesimal parameter. It is a matter of calculations to show that the metric 
functions at large r are 11 | 



h{r) 

fir) 
9{r) 



1-e 
1-e 
1 -e 



Ci 



+ 



Co 



^n+z—1 ».(n+z— 1+7)/2 



+ 



Csejn + z-l-j) 

j.{n+z-l-'y)/2 



C2F2 ^ ^3^36(^ + ^-1-7) 

».n+2— 1 ».(n+2— 1+7)/2 ».(n+2— 1— 7)/2 

Cid C2G2 C^G^ein + ^ - 1 - 7) 



n+2-1 ^(n+2-l+7)/2 



^(n+2-l-7)/2 



(42) 
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where Cj's are arbitrary constants, 

7 = [(i7-SB)z^-2{3n + 9-8B)z + n'^ + 6n + l-8By^^ , 
Fi = 2{z-l){z-n + l))C-\ 
F2 = {J^i-J^2){Sz}C[iz-l)B + 2n + z-3]}-\ 
F3 = (J-i + T2) {8zlC [{z -l)B + 2n + z- 3]}"' , 
Gi = 2{z-l){n + z-l)lC-^, 
G2 = (Gi + G2) {SzlC [{z -l)B + 2n + z- 3]}^' , 
G3 = (Gi - G2) {8zK [{z -l)B + 2n + z- 3]}"' , 
/C = {z-l){n + z-l)B + z{z - 1) + n{n - 1), 
J^i = 8(^ - 1)[(^ - l)(n + z - l)i3 + z(2 - 1) + n{n - 1)] 

X [(^ -l){n + 3z- 3)B - 2^2 + (n + 3)^ + n{n - 2) - 1], 
J-2 = ^[n - 1 + {z - l)B]{^8il + B)iz - if 

+ {l7n -9 + 8B){z- if + 2{n + 8){n- l){z - 1) + n^{n - 1) - (n - 1)7 
Gi = 8{z - l)[2{z - 1)B -3z + 3n- l][{z - l)(n + z - 1)B + z{z - 1) + n{n - 1)] 
G2 = {8(1 + B)iz - If + {17n ~ 9 + 8B)iz - If 

+2{n + 8){n- l){z - 1) + n'^{n - 1) J7 - (n - 1)7^ 

B={1^- 4d2/2 + 9a3)/^^ and 



Q{n + z - 1 -7) = < 



ln+2-l>7 (^<f5|) 



On+z-l<7 (2>fEf; 



In the case of z = ra — 1 in Einstein gravity, the metric functions at large r are 11 | 



/i(r) 



1-e 
1-e 



^2(n-l) ' 

3n-A 



(n-l)(2r2-3)r2("-i)^ 



^l^^j 



• 2(n-2)(Cilnr + C2) 
(2n - 3)r2(""i) 



(n^ - 2)Ci 



(n-l)(2r2-3)2r2("-i) 



(43) 
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